We computationally investigate moth-eye anti-reflective nanostructures imprinted on the endfaces of As 2 S 3 chalcogenide optical fibers. With a goal of maximizing the transmission through the endfaces, we investigate the effect of changing the parameters of the structure, including the height, width, period, shape, and angle-of-incidence. Using these results, we design two different moth-eye structures that can theoretically achieve almost 99.9% average transmisison through an As 2 S 3 surface.
Introduction
It has been known since the time of Lord Rayleigh that microscale structures on the surface of optical interfaces are effective at reducing Fresnel reflections [1] . Periodic anti-reflective (AR) microstructures are called "moth-eye" structures because of their similarity to the microstructures on the eyes of nocturnal moths [2, 3] . Moth-eye structures are a biomimetic microstructured AR surface structure that are effective at reducing Fresnel reflections [4] . In the long wavelength limit, they work by providing a gradual change of the effective refractive index as light propagates across the air-glass interface. They are especially useful for high-index materials, which includes most mid-IR materials, such as chalcogenide glasses. Reducing Fresnel reflections from optical interfaces is important in mid-IR applications, where high power and low loss are needed. High power laser radiation that reflects from interfaces can damage instruments, while insertion or coupling losses can be major contributors to overall losses in a system [5] . Hence, mid-IR systems can benefit greatly by using moth-eye structures to reduce reflections from and increasing transmission through interfaces. They are useful in a number of applications, including laser systems [5] , photovoltaics [6] , LEDs [7] , automotive glass [8] , electronics displays [9] , and fiber optics [10] . Moth-eye structures can be imprinted by numerous methods, including wet or dry etching [11] , nanoimprint lithography [12] , or direct laser writing [13] . Sanghera et al. [10] and MacLeod et al. [14] recently demonstrated a direct stamping method for nanoimprinting motheye structures on the end-faces of chalcogenide optical fibers, where AR interfaces are particularly useful because of the large refractive index difference between air and As 2 S 3 (∼2.45 at a wavelength of λ = 2 µm). The direct stamping method allows structures to be accurately replicated, and the reflection as a function of wavelength depends sensitively on the structures and their parameters [15] , which means that they must be accurately modeled. Because in the structures studied in this work, the microstructure feature dimensions are on the same order as the wavelength of the incoming radiation (∼1 µm), light in adjacent features interacts, and thus neither the long-wavelength average refractive index model nor the short-wavelength ray optics model is appropriate to describe transmission through moth-eye structures. Hence, they must be modeled using rigorous computational methods [16] , such as the finite-element method (FEM), the finite-difference time-domain method (FDTD) [17, 18] , or rigorous coupled-wave analysis (RCWA) [19, 20] , where the results become exact in principle as the grid size and step size tend to zero (FEM and FDTD) or the number of harmonics becomes infinite (RCWA). We have simulated moth-eye structures using three methods, FEM, FDTD and RCWA. We find that they agree perfectly, but that RCWA is the fastest and most accurate method.
Moth-eye structures have several advantages over traditional thin-film AR coatings, including environmental tolerance, surface adhesion, single material fabrication, minimal surface preparation, and self-cleaning via the lotus effect [8, 10] . Additionally, in recent years it has been shown that in many cases periodic moth-eye structures have a higher laser-induced damage threshold (LIDT) than do traditional AR-coated surfaces [21] [22] [23] [24] . We explained this effect in terms of the boundary conditions for Maxwell's equations [25] .
In this work, we optimize the shape and dimensions of moth-eye structures for maximum input and output coupling through the endfaces of As 2 S 3 optical fibers. We previously presented some of these results in brief meeting reports [15, 26] , but here we show an in-depth investigation of all relevant moth-eye structure parameters, including the structure shape, dimensions, period, packing, and the angle-of-incidence. The rest of this paper is organized as follows: In Sec. 2, we verify our theoretical model by comparing our results to experimentally-measured results. In Secs. 3-5, we report our investigations of the effects of changing the dimensions and period of the moth-eye structures (Sec. 3), changing the angle-of-incidence of the input radiation (Sec. 4), and changing the shape of the moth-eye structure (Sec. 5). We have used the insights of Secs. 2-5 to design and optimize moth-eye structures with nearly ideal 100% transmission, and we report these designs in Sec. 6. Finally, Sec. 7 contains the conclusions.
Comparison of computer simulations and experiment
The goal of the work described in this section is to create and validate a theoretical model that agrees with the results for a particular moth-eye structure that was experimentally studied by Sanghera et al. [10] and is shown in Fig. 1(c) . We calculate the transmission of the structured surface by simulating a plane-wave incident upon an As 2 S 3 structured surface transmitting medium using the open-source finite-difference time-domain (FDTD) computer software MEEP [27] . The simulation propagates a wave-packet of specific bandwidth from a vacuum incident medium through the microstructure and then calculates the transmission and reflection spectra by taking a harmonic transform of the time-domain flux through measurement surfaces that are situated above and below the microstructured surface. We use a spatial resolution of 10 nm for all simulations, and we have verified that increasing the resolution does not affect the results. We utilize the periodicity of the structure and only solve for the fields in a single unit cell, using Floquet-Bloch boundary conditions. Additionally, for circularly symmetric structures in a square or hexagonal packing scheme with normal incidence, it is sufficient to study a single polarization of incoming light, since the results do not depend on the polarization in that case [28, 29] . The calculated transmission spectra have been verified by comparison with the commercial software package DiffractMOD® by RSOFT, which uses the rigorous coupled wave algorithm (RCWA).
The experimental transmission spectrum was measured at the Naval Research Laboratory. In the experiment, the fiber end face was embossed with a moth-eye structure using a shim with the negative of the desired moth-eye pattern. The transmission through the fiber before and after the moth-eye structure was applied were tested using an FTIR spectrometer. Details of the experimental set up to fabricate the moth-eye structure as well as the measurements are given in detail in [10] .
The experimental shape is modeled by a truncated cone with a hemispheric cap that is fully determined by specifying the cone height, h; the base diameter, w 2 ; the tip diameter, w 1 ; and the lattice constant of the packing, s x . Since the features are hexagonally packed, s y = √ 3s x . These geometric parameters are shown diagrammatically in Figs. 1(a) and 1(b). The cone approximation to the experimentally-implemented feature has the following parameters, which can be determined from the SEM image. w 1 = 0.2 µm, w 2 = 0.7 µm, h = 0.9 µm, s x = 0.92 µm, and s y = 1.59 µm. For all theoretical models, we set the refractive index n of As 2 S 3 to be equal to n = 2.45, which is a good approximation to the experimentally-measured value over the wavelength range of interest.
The calculated transmission spectra are shown in Fig. 2 for light that is coupled into and out of an optical fiber. The spectra are very similar at longer wavelengths and differ for shorter wavelengths for reasons that will be explained shortly. The output coupling exhibits a sharp falloff at short wavelengths, while the input coupling does not. The transition from high to low transmission as the wavelength decreases is called the diffraction edge, is sharp, and occurs at 1.9 µm for this structure. Figure 2 also shows that the experimentally-measured transmission for light coupled out of the fiber and the drop-off in transmission for shorter wavelengths match the theoretical result. The measured transmission spectrum is somewhat lower at longer wavelengths, which could be caused by a slightly different cone shape in the experimental system than in our theoretical model and/or by material losses, which are not included in our theoretical model. Fig. 2 . The theoretical transmission spectra of light coupled into and coupled out of the fiber. The experimental transmission spectrum of light coupled out of the fiber is also shown. The Fresnel limit is the transmission spectrum from a plane-wave coupling into or out of a fiber with a flat end-face. Finally, Fig. 2 shows the transmission through a bare fiber end-face with no AR structure for comparison. The Fresnel-limited transmission depends only on the refractive indices of the incident and transmitting medium and, in this case, is approximately 83%.
Coupling into and out of a fiber
The coupling of light into the fiber and the transmission out of the fiber are two different problems, as schematically shown in Fig. 3(a) . For long wavelengths, the behavior of both input and output coupling can be expected to be similar, as the electro-magnetic field will average over the moth-eye surface, effectively homogenizing the refractive index transition and leading to similar transmission properties in both directions.
For shorter wavelengths, we expect the transmission properties to be very different. In the ray-optics limit, normally incident light will be totally internally reflected inside the cones in the output coupling case, whereas light will be refracted directly into the fiber in the input coupling case, as shown in Figs. 3(b) and 3(c). Total internal reflection occurs when the angle that the incident light ray makes with the cone surface, θ , is greater than the critical angle, 24 • , as is the case with all of the practical cone designs considered. This argument gives an intuitive picture of how a structured surface can yield very different behavior for light coupled into and out of the high index material. However, the coupling at wavelengths close to the size of the structure is complicated due to the interaction of the electromagnetic field in adjacent cone structures. The wavelength at which the input and output coupling differ is called the diffraction edge, because for wavelengths below the diffraction edge, diffracted orders greater than zero exist in the transmitted spectrum. Full numerical simulations of Maxwell's equations are therefore required to obtain a qualitative picture of the transmission spectra as well as a quantitative result.
Changing the dimensions
Next, we investigate changing the dimensions of the truncated cone to determine the effect on the transmission spectrum. We vary each parameter independently, starting with the tip width.
Tip width
The calculated transmission spectra for input and output coupling for different values of the cone tip diameter, w 1 , are shown in Fig. 4 . All other parameters are kept fixed at w 2 = 0.7 µm, h = 0.9 µm, s x = 0.92 µm, and s y = 1.59 µm.
As the cone tip diameter is increased from w 1 = 0.1 µm to w 1 = 0.7 µm, the transmission for wavelengths above 3.5 µm increases. However, for wavelengths around 2.8 µm, the transmission correspondingly decreases. For output coupling, the transmission drop-off near 2 µm does not change significantly for different values of w 1 . For input coupling, the transmission decreases below 2 µm as the tip diameter increases. 
Base width
In the second parameter study, we varied the diameter of the base of the cone, keeping the other parameters fixed at w 1 = 0.2 µm, h = 0.9 µm, and s x = 0.92 µm. The resulting transmission spectra versus wavelength are shown in Fig. 5 . We see that for very narrow cones, with w 2 = 0.3 µm, the transmission is only slightly increased above the Fresnel limit of a flat interface, which is approximately 83%. For both input and output coupling, the slopes of the transmission spectra become increasingly steep, decreasing from almost 100% transmission near 2.5 µm to around 92% transmission near 5 µm at the largest base diameter that we consider, w 2 = 0.9 µm, where the base of the cones would be almost touching. For input coupling we see that as w 2 increases, the transmission increases for all wavelengths. Furthermore, for output coupling, we find that as w 2 increases, the cutoff at 2 µm becomes stronger.
(a) (b) 
Height
The transmission spectra versus wavelength for different cone heights, h, are shown in Fig. 6 . All other parameters are kept fixed at w 1 = 0.2 µm, w 2 = 0.7 µm, s x = 0.92 µm, and s y = 1.59 µm. The transmission above 3.5 µm increases as the cone height increases; however, the transmission also decreases slightly with increasing h near a wavelength of 3 µm. The same behavior is seen for both input and output coupling. The height does not greatly affect the transmission below 2 µm for input coupling; for output coupling the transmission increases, although it is still considerably below the Fresnel limit of 83%, and the sharp cutoff is still present.
Period
The final geometric parameter that we change in our model is the lattice spacing or the period of the cones, s x . The lattice packing is kept hexagonal; deviations from this packing by choosing s y differently would cause different polarizations of light to have different transmission spectra [28, 29] . All other parameters are kept fixed at w 1 = 0.2 µm, w 2 = 0.7 µm, h = 0.9 µm. The results are shown in Fig. 7 . We find that the transmission increases with decreasing s x . This re- sult qualitatively agrees with the results of changing the cone base diameter: In both cases, the packing density of the cones increases, causing the interaction of the fields between cones to increase, which in turn increases the resulting transmission. The results for output coupling are shown in Fig. 7(b) . In this case, we find that changing the lattice constant changes the cut-off or diffraction edge wavelength, which increases as s x increases.
(a) (b) Fig. 7 . The transmission spectra of light coupled (a) into and (b) out of the fiber versus the cone hexagonal packing spacing s x . The experimental transmission spectrum of light coupled out of the fiber is shown for comparison (black dashed line).
Angle of incidence
The effect of changing the angle of incidence of the input plane wave is shown in Fig. 8 for angles up to 30 • for the same moth-eye structure that was discussed in the previous section. For input coupling, the transmission spectrum is almost unaffected by changes in the angle of incidence. This result makes sense conceptually, as argued previously from the ray picture in Fig. 3(c) . For output coupling, the transmission drops significantly for angles of incidence above 10 • , going to zero for wavelengths above 2 µm for an incidence angle of 30 • . For single mode fibers the low transmission at non-normal incidence for output coupling would not be a problem since the angle of incidence for the fundamental mode would be close to normal; however, for multimode fibers this issue should be taken into consideration. 
Changing the shape
In this section, we study the effect of changing the shape of the moth-eye structure element. The shapes we study are a half-ellipsoidal shape, a sinusoidal shape, and a truncated pyramid. The truncated pyramid element is a flat-sided square pyramid with the top cut off. The half-ellipsoid structure is the upper half of an ellipsoid oriented along the z-axis, whose height is given by the equation
where x and y are the axes parallel to the surface, z is the height perpendicular to the surface, h is the element height, and w 2 is the base width. The sinusoidal shape is given by the upper half of a cosine rotated around the z-axis, which has a height
where again x and y denote the axes that are parallel to the surface, z denotes the height perpendicular to the surface, h is the element height, and w 2 is the base width. We show cross sections of each feature shape in Figs. 9(a)-(c) . 
Positive structures
First, we studied positive structures formed from these element shapes. Positive structures correspond to the gray areas in Fig. 9 being As 2 S 3 , with the white areas (background) being air. We compare the transmission spectra for positive elements of three different heights h = 0.8 µm, 1.2 µm, and 1.6 µm and two base widths of w 2 = 0.7 µm and 0.9 µm. The pyramidal element has an extra parameter compared to the sinusoidal and half-ellipsoid elements, which is the top width w 1 ; for the following calculations, we set w 1 = 0.15 µm. The pyramidal structure is also not rotationally symmetric about the z-axis, unlike the other two structures, and will therefore have different transmission properties depending on the polarization of the incident light. The calculated transmission spectra in the case of output coupling for the sinusoidal and half-ellipsoid surfaces are shown in Figs. 10(a) and 10(b) respectively. For the sinusoidal surface, the transmission is greater for larger base widths. The transmission is generally flatter for taller elements, although there is little change between h = 1.2 µm and h = 1.6 µm. For the half-ellipsoid surface, the transmission is greater for larger base widths and is flatter for taller elements, and the highest transmission is obtained when the element is widest and has a height h = 1.2 µm or h = 1.6 µm. However, for the half-ellipsoid surface with w 2 = 0.7 µm, as the height is increased, the transmission actually drops below the transmission for shorter elements. A similar dip occurs with the sinusoid surface, but it is less significant.
The calculated transmission spectra for the pyramidal surface are shown in Fig. 11(a) . The highest and widest pyramidal structure of h = 1.6 µm and w 2 = 0.9 µm performs the best of all the shapes considered and has a transmission of almost unity across the wavelength range λ = 2-5 µm. Figure 11 (b) shows the transmission for different polarization states of the incoming electric field. A polarization angle of φ = 0 • corresponds to the electric field parallel to the sides of the base of the pyramidal and a polarization angle of φ = 45 • corresponds to the electric field aligned diagonally to the base of the pyramidal, as shown in Fig. 9(d) . The transmission drops slightly when φ = 45 • , compared to when φ = 0 • . We expect that the transmission for all other polarizations lies in between these extreme cases.
In most cases, we found that increasing the base width and height of the element increased the transmission across the wavelength range. However, this behavior was not found for all element shapes in all height ranges; for example, the transmission for the half-ellipsoid with base width of w 2 = 0.7 µm is worse for taller elements. Also, for both the sinusoidal and halfellipsoid elements, there is no improvement in transmission when the height increases from h = 1.2 µm to h = 1.6 µm. In fact, the transmission only increases for the pyramidal element with a base width w 2 = 0.9 µm when the height is increased from h = 1.2 µm to h = 1.6 µm. For the tallest and widest pyramid shape, the transmission is greater than 99.5% when the polarization angle φ = 0 • and 99% when φ = 45 • over the wavelength range λ = 2-5 µm. This transmission is the highest for all element shapes considered; however, with shorter element heights, the transmission for the pyramidal shape is not better than the other structures at longer wavelengths.
Different shapes have significantly different transmission spectra, even for two relatively similar smooth shapes like the sinusoid and the half-ellipsoid. Therefore, the exact shape of the elements is required to match experimental and theoretical calculations.
(a) (b) Fig. 10 . The theoretical transmission spectra through a surface that consists of positive (a) sinusoidal structures and (b) ellipsoid structures, both with w 2 = 0.7 µm (thin lines) and w 2 = 0.9 µm (thick lines). The Fresnel transmission at around 83% is also shown for reference in both figures.
Negative structures
Here, we consider two different negative structure shapes, sinusoidal and half-ellipsoid holes, which are shown schematically in Fig. 12 . These structure shapes are similar to the shapes that we considered previously for positive surfaces, and the shapes are again specified by Eqs. 1 and 2; however, now z specifies the depth of the hole below the surface, rather than the height above it. The negative structures are parameterized in the same way as the positive structures, using the base width, w 2 , and the depth, h. The lattice parameter is the same as previously used, s x = 0.9 µm, and the structures are again hexagonally packed.
The results for the transmission in the case of coupling out of the fiber for the negative sinusoid and half-ellipsoid structures is shown in Figs. 13(a) and 13(b) respectively. The transmission is higher for the negative structures with width w 2 = 0.9 µm than for the positive structures with w 2 = 0.7 µm for both shapes. The transmission also increased as the width increased for the positive surface, but this increase is even more significant here. Increasing the structure depth does not significantly increase the transmission for most shapes. The notable exception is the half-ellipsoid surface with w 2 = 0.9 µm, where the transmission increases markedly as the structures depth increases, reaching a transmission of almost unity across the wavelength range above λ = 2 µm for the deepest hole considered. The surface with negative sinusoidal structures has a cut-off that is around 1.2 µm rather than 1.9 µm, as is seen in the positive surface case, leading to a higher transmission in the wavelength range λ = 1.2-1.9 µm for the sinusoidal surface, so that for the tallest and widest hole the transmission remains above 95% when λ > 1.3 µm. This increased cut-off is notable as the cut-off is tied to the periodicity of the lattice, and is not changed by any other factor for the positive surfaces. The tallest and widest negative half-ellipsoid structures also display an increased transmission in the cut-off region, as compared to the positive surface, only decreasing below 85% for wavelengths below 1.3 µm.
The calculated transmission for coupling into the fiber for the two negative shapes is shown in Figs. 14(a) and 14(b) respectively. The transmission is the same as for coupling out of the fiber at wavelengths above 2 µm, but the spectra for input and output coupling diverge below 2 µm.
Optimized cusp-like moth-eye structures
In this section, we computationally study two different moth-eye structure shapes, halfellipsoids and pyramids, to design an ideal moth-eye structure for maximum transmission in the wavelength range 2-5 µm, using insights gained from the previous sections. We find that the ideal structure, whether positive or negative, has a cusp-like glass tip and a smoothly increasing cross-sectional width that becomes equal to the period of the features. We show two examples of this kind of structure in Fig. 15 .
(a) (b)
Fig. 14. The theoretical transmission spectra for input coupling through a negative structure surface consisting of structures with (a) sinusoidal and (b) ellipsoid shapes.
In the long wavelength limit, moth-eye structures provide a gradual change of the effective refractive index as light propagates across the air-glass interface, akin to an impedance transformer that matches the impedance of the optical surface to the impedance of the vacuum [28]. This long-wavelength limit picture is inexact, especially as the incident wavelength is on the order of the feature size, but it offers important insights that are useful for designing optimal structures.
The intuition provided by this picture suggests that the effective (average) refractive index of the layer at the highest point of the structure should be as close to that of the low index medium (air or vacuum in this case) as possible. Similarly, the bottom layer should have an effective index as close as possible to the index of the glass substrate. For layers in between, the effective refractive index should increase as gradually and as smoothly as possible. This intuition is consistent with our computational findings from Sec. 3.1-3.4.
Structure shapes
One way to create cusp-like structures is to imprint a negative structure in the glass with a positive mold that has a packing ratio w 2 /s x = 1, i.e. the width at the base of the mold (w 2 ) matches its feature spacing (s x ). Such a structure using a half-ellipsoid shape is shown in Fig. 15(a) . The half-ellipsoid structure is the upper half of an ellipsoid oriented along the z-axis whose height is given by Eq. 1.
Another way to create such a cusp is to imprint a positive structure that comes to a fine point at its tip. One such structure, defined by Southwell [30] in terms of a quintic expression of the optical thickness of the structure, but without a closed-form expression, is shown in Fig. 15(b) . This structure is not rotationally symmetric, and hence its transmissivity is anisotropic, but the anisotropy is small, as shown in Sec. 5.1. This structure is square-packed to make the base width equal to the feature spacing in both dimensions. 
Results
Figures 16 and 17 show the transmission spectra found by using rigorous coupled wave analysis (RCWA) for different element heights or depths and different ratios of base width to element period (w 2 /s x ). Figure 16 shows the results for negative half-ellipsoids, and Fig. 17 shows the results for positive pyramids. Qualitatively, the highest transmissivity is obtained with the tallest/deepest elements and for the highest ratio of w 2 /s x , which makes the negative features more cusp-like. We introduce a quantitative metric for evaluating these moth-eye structures: the mean (average) transmissivity for wavelengths between 2-5 µm. The average transmission for each structure is shown in Table 1 . Using this metric, we find that positive pyramids of height 3.0 µm have an average transmissivity from 2-5 µm of 0.99878. Similarly, negative half-ellipsoids of height 1.6 µm have an average transmissivity from 2-5 µm of 0.99885. While both structures can achieve similarly high performance, positive pyramids require much taller structures for optimal transmission. Our results demonstrate that while these ideal cusp-like half-ellipsoid structures would perhaps be difficult to achieve exactly in practice, they can provide excellent performance with a reduced depth requirement compared to pyramid structures.
Conclusion
We have numerically studied moth-eye structures for increased coupling into and out of the endfaces of As 2 S 3 chalcogenide optical fibers using both the RCWA and FDTD methods. We validated our theoretical model by comparing our results to experimentally-recorded results. We found we could obtain excellent agreement between theory and experiment.
We then investigated the effect of changing the size, shape, and packing of the moth-eye structures, as well as the angle-of-incidence for the input wave. We found that transmission generally increases when the structure, whether positive or negative, has a wide base width, a narrow tip width, and a large height or depth. We also found that the angle-of-incidence is an important parameter, and it should be taken into consideration when designing structures for multi-mode fibers.
Finally, we used these insights to design nearly ideal features that had a cusp-like shape. We found that, with the optimal parameters, negative half-ellipsoids and positive pyramids could be designed to achieve close to 99.9% transmission on average from 2-5 µm. We also found that negative half ellipsoids do not require as large a structure as positive pyramids for ideal transmission, which could make them easier to fabricate in practice.
